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Abstract. We investigate how to create entangled states of ultracold atoms trapped
in optical lattices by dynamically manipulating the shape of the lattice potential.
We consider an additional potential (the superlattice) that allows both the splitting
of each site into a double well potential, and the control of the height of potential
barrier between sites. We use superlattice manipulations to perform entangling
operations between neighbouring qubits encoded on the Zeeman levels of the atoms
without having to perform transfers between the different vibrational states of the
atoms. We show how to use superlattices to engineer many-body entangled states
resilient to collective dephasing noise. Also, we present a method to realize a 2D
resource for measurement-based quantum computing via Bell-pair measurements. We
analyze measurement networks that allow the execution of quantum algorithms while
maintaining the resilience properties of the system throughout the computation.
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1. Introduction
The experimental realization of bosonic spinor condensates in optical lattices has opened
up the possibility to exploit the spin degree of freedom for a wide range of applications
[1, 2]. Recently, further experiments have proved that these systems are promising
candidates for quantum information processing purposes (see [3] and references therein)
and the study of quantum magnetism [4]. In the literature there are several proposals
using spinor condensates in optical lattice, e.g. to create macroscopic entangled states
[5, 6] or to explore magnetic quantum phases [7]. In this paper, we consider the
possibility of using optical superlattices to manipulate the spin degrees of freedom of
the atoms and engineer many-body entangled states.
Superlattice setups allow the transformation of every site of the optical lattice
into a double-well potential, and also the control of the potential barrier between
sites [8, 9, 4]. Atoms with overlapping motional wave functions interact via cold
collisions that coherently modify their spin, while conserving the total magnetization
of the system [10, 11]. Thus, by splitting each lattice site into a double-well potential,
two atoms occupying the same site become separated by a potential barrier, and the
interactions between them are switched off. Similarly, interactions between atoms can
be switched on again for a certain time by lowering the potential barrier between the two
sides of the double-well. Therefore, superlattice manipulations offer the possibility to
apply operations between large numbers of atoms in parallel. In this work, we propose
to exploit this parallelism to engineer highly-entangled many-body states.
The process of splitting a Bose-Einstein condensate using double-well potentials has
already been studied in the context of mean-field theory [12, 13, 14]. In the first part
of this paper, we will derive a two-mode effective Hamiltonian that allows an accurate
description of the system as the superlattice is progressively turned on. Our approach
differs from previous treatments of double well potentials (see e.g. Ref. [12]) or the work
in Ref. [7], as the effective model we use is valid even for low barrier heights. We will use
this effective Hamiltonian to analyze the process of splitting every site into a double-well
potential starting with two atoms per site. We will show that this process creates a Bell
state encoded on the Zeeman levels of the atoms in every site, each atom occupying one
side of the double-well. Since these states are resilient to collective dephasing noise, we
will use a lattice with a Bell pair in every site as a starting point to engineer many-body
entangled states.
In the second part, we present a new method for implementing an entangling√
SWAP gate that does not require to transfer the atoms between different vibrational
states. We will show that the application of this entangling gate between (or inside) Bell
pairs allows the creation of many-body entangled states resilient to collective dephasing
noise.
In the final part, we propose a new method involving superlattice manipulations
to realize a 2D resource state for measurement-based quantum computating (MBQC)
formally similar to a Bell-encoded cluster state. Since the realization of logical gates
Robust entangled states and MBQC using optical superlattices 3
between non-neighbouring qubits is practically very difficult in optical lattices [15], the
one-way model for quantum computation is particularly relevant for these systems [16,
17, 18]. The resource state we propose is resilient to collective dephasing noise, which
makes it less prone to decoherence than the usual cluster states. Its utilization as a
resource for MBQC requires adjustments of the measurement patterns used for cluster
states, which we describe in the last section. We note that the realization of Bell-
encoded cluster states as a resource for MBQC was proposed in Ref. [19] using lattice
manipulations in three dimensions. The distinguishing feature of our proposal is that the
resource state is created via 2D superlattice operations which have been demonstrated
in the lab already.
This paper is organised as follows. In Sec. 2 we derive an effective model for
describing the dynamics of atoms within one site in the presence of a superlattice
potential. In Sec. 3, starting with a lattice where every site contains two atoms of
opposite spin, we show how to create a Bell pair in each site by splitting it using
a superlattice potential. In Sec. 4, we present how to perform a gate between two
neighbouring qubits by manipulating the superlattice potential, and in Sec. 5 and Sec. 6
we show how to use this gate to create and probe many-body entangled states. Finally, in
Sec. 7 we propose a method for creating a resource for MBQC via Bell-pair measurements
and provide measurements network to implement a universal set of gates. We conclude
in Sec. 8.
2. Model
We consider a gas of ultracold alkali atoms loaded into a deep optical lattice. The atoms
are assumed to be bosons initialized in the f = 1 hyperfine manifold [2]. The lattice
potential is given by VOL(r, s, θ) = VT [sin
2(πz/a) + sin2(πy/a)+ VS(x, s, θ)] where VT is
the depth of the potential and
VS(x, s, θ) = (1− s) sin2
(πx
a
+ θ
)
+ s sin2
(
2πx
a
)
. (1)
The depth of the potential will be given in units of the recoil energy ER =
~
2π2/(2Ma2) where M is the mass of the atoms. The parameter s ∈ [0, 1] is determined
by the relative intensities of the two pairs of lasers. The constant a corresponds to the
size of a unit cell when s = 0 (see Fig. 1a). We will refer to unit cells when s = 0 as
to lattice sites. Changing the value of s from 0 to 1 transforms each site in a double
well potential. We will refer to each side of this double well potential when s = 1 as to
a subsite. The angle θ allows for the manipulation of the potential barrier inside each
site (θ = 0) or between sites (θ = π/2). A few lattice profiles corresponding to different
parameters s and θ are shown in Fig. 1. In the following, we will refer to the lattice
profiles corresponding to the values of s ≈ 0 and s ≈ 1 as to the large and small lattice
limits, respectively.
We assume the lattice depth VT to be sufficiently large so that hopping can be
neglected in the small and in the large lattice limits [20].
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Figure 1. (a) The system is initialized with two atoms per site in the state
wa(r)
2 ⊗ S (|f1 = 1,m1 = +1; f2 = 1,m2 = −1〉) and the lattice parameters are s = 0
and θ = 0. (b) The lattice potential is smoothly altered by increasing the lattice
parameter s while θ = 0. (c) At the end of the first step, the lattice parameter is
s = 1. Each lattice site then contains a Bell pair. (d-f) After setting the angle to
θ = pi/2, the other set of barriers are lowered by decreasing the lattice parameter s
from s = 1 (d) to 0 < s < 1 (e) and back to s = 1 (f).
The Hamiltonian of the system is given by
Hˆ = HˆK + HˆZ + Hˆint (2)
where HˆK describes the kinetic energy, HˆZ is the Zeeman term, and Hˆint describes the
interactions between particles. These terms are defined by [21, 22]
HˆK =
∫
dr
∑
σ=−1,0,1
Ψˆ†σ(r) hˆ0(r, s, θ) Ψˆσ(r), (3)
HˆZ =
∫
dr
∑
σ=−1,0,1
∆EZ,σ(B) Ψˆ
†
σ(r)Ψˆσ(r), (4)
Hˆint =
1
2
∫
dr
[
c0Aˆ
†
00(r)Aˆ00(r) + c2
2∑
m=−2
Aˆ†2m(r)Aˆ2m(r)
]
, (5)
where c0 = 4π~
2(2a2 + a0)/(3M) and c2 = 4π~
2(a2 − a0)/(3M) with aF the s-
wave scattering length of the channel associated with the total angular momentum F ,
hˆ0 = (−~2∇2/2M)+VOL(r, s, θ) and ∆EZ,σ(B) is the energy shift caused by the Zeeman
effect in the presence of a magnetic field B = (0, 0, B) oriented in the z–direction. The
operator AˆFmF (r) is given by
AˆFmF (r) =
f∑
m1,m2=−f
〈F,mF |f1, m1; f2, m2〉Ψˆm1(r)Ψˆm2(r), (6)
where |f1, m1; f2, m2〉 = |f1, m1〉 ⊗ |f2, m2〉 and 〈F,mF |f1, m1; f2, m2〉 is a Clebsch-
Gordan coefficient.
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In Appendix A, we derive the effective Hamiltonian describing the dynamics of the
atoms at one site using the field operator
Ψˆ†σ(r) = aˆ
†
σwa(r) + bˆ
†
σwb(r), (7)
where aˆ†σ(bˆ
†
σ) is the operator that creates a particle with spin |f = 1, mf = σ〉 (σ =
{−1, 0, 1} denotes the Zeeman level) in a motional state associated with the symmetric
(anti-symmetric) mode function wa(wb). The mode functions are centered in the middle
of the site, and their shape depends on the lattice parameter s. The field operators
obey the canonical bosonic commutation relations [Ψˆσ(r), Ψˆ
†
σ′(r
′)] = δσσ′δ(r− r′) and
[Ψˆσ(r), Ψˆσ′(r
′)] = [Ψˆ†σ(r), Ψˆ
†
σ′(r
′)] = 0. We will see in the next section that the inclusion
of a second motional mode in the Hamiltonian allows an accurate description of the
system’s dynamics in both the large and the small lattice limit [23]. A more detailed
explanation of the interaction term (5), as well as the full Hamiltonian of the system in
terms of creation (annihilation) operators can be found in Appendix A.
3. Creation of a Bell state on every lattice site
In this section, we use the effective Hamiltonian introduced in the previous section
to show how to generate a lattice where every site contains a Bell state encoded on
the Zeeman levels of the atoms. This procedure will be used as a preliminary step to
engineer several types of many-body entangled states.
We start with a deep optical lattice in the large lattice limit (LLL) and two atoms
per lattice site in the state
|ψinit〉 = wa(r)2 ⊗ S (|f1 = 1, m1 = +1; f2 = 1, m2 = −1〉) , (8)
where S is the symmetrization operator. In general, the two atoms can undergo spin-
changing collisions coupling to various hyperfine levels. As we want to implement qubits
on the Zeeman levels, we will limit the spin dynamics effectively to two hyperfine states.
There are several ways to achieve this in practice: (i) One possibility is to exploit the
conservation of angular momentum and choose two states such as |f = 2, mf = +2〉 and
|f = 1, mf = +1〉, which are not coupled to any other hyperfine states by the interatomic
interaction. (ii) An accidental degeneracy in 87Rb offers yet another possible route: since
the two s-wave scattering lengths a0 and a2 are almost equal, transitions between the
state |f1 = 1, m1 = 0; f2 = 1, m2 = 0〉 and states where particles have opposite spins
occur on a time scale (c0 + c2)/c2 ≈ 3a2/(a2 − a0) ≈ 300 times slower than any other
allowed transition. Hence, after initializing the system at time t = 0 in state (8), we
can limit our dynamical description to transitions between states with opposite spins,
as long as the manipulations we are about to propose happen on a faster time scale
than this transition. Notice that the use of fast-switched microwave fields that suppress
spin-changing collisions [1] allows the relaxation of the constraint to be faster than the
original time-scale of spin-changing collisions. The preparation of the state (8) has
already been experimentally achieved [11, 2].
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The first step in our proposal consists of raising the superlattice potential,
i.e. changing the lattice parameter s(t) from the LLL at time t = 0 to the small lattice
limit (SLL) at some time t = T sufficiently slowly so that the ramp does not create
excitations in the system. Once the superlattice is fully ramped up, each site is split
in two, atoms no longer interact with each other and their spin state remains frozen in
time.
The shape of the mode functions wa(r) and wb(r) depends on the lattice parameter.
In the LLL, they correspond to the ground and first excited state of each lattice site.
However, as the lattice parameter s approaches the SLL, the mode functions transform
into the symmetric and anti-symmetric superpositions wa(r) = [ϕL(r) +ϕR(r)]/
√
2 and
wb(r) = [ϕL(r)−ϕR(r)]/
√
2, where the mode functions ϕL(r) and ϕR(r) are centered on
either side of the double-well potential [23, 12]. Hence, when the mode functions wL,R(r)
become centered within each subsite [23], it is convenient to write the Hamiltonian of
the system in terms of the operators
cˆ†L,σ = (aˆ
†
σ + bˆ
†
σ)/
√
2
cˆ†R,σ = (aˆ
†
σ − bˆ†σ)/
√
2, (9)
which create a particle with spin σ on the left and right side of the double-well potential,
respectively. In the basis
| ↑↓, 〉 = cˆ†L,↑cˆ†L,↓|vac〉 = (aˆ†↑ + bˆ†↑)(aˆ†↓ + bˆ†↓)/2|vac〉,
| ↑, ↓〉 = cˆ†L,↑cˆ†R,↓|vac〉 = (aˆ†↑ + bˆ†↑)(aˆ†↓ − bˆ†↓)/2|vac〉,
| ↓, ↑〉 = cˆ†L,↑cˆ†R,↓|vac〉 = (aˆ†↑ − bˆ†↑)(aˆ†↓ + bˆ†↓)/2|vac〉,
|, ↑↓〉 = cˆ†R,↑cˆ†R,↓|vac〉 = (aˆ†↑ − bˆ†↑)(aˆ†↓ − bˆ†↓)/2|vac〉, (10)
the Hamiltonian of the system reads (see Appendix A)
Hˆ↑↓ =


E˜ + U˜↑↓ J˜↑↓ J˜↑↓ χ↑↓
J˜↑↓ E˜ + χ↑↓ χ↑↓ J˜↑↓
J˜↑↓ χ↑↓ E˜ + χ↑↓ J˜↑↓
χ↑↓ J˜↑↓ J˜↑↓ E˜ + U˜↑↓

 , (11)
where E˜ = Va + Vb with Vν =
∫
drw∗ν(r)hˆ0wν(r) and hˆ0 = (−~2∇2/2M) + VOL(r, s, θ)
is the sum of the single-particle energies, U˜↑↓ = γ↑↓(Uaa + Ubb + 6Uab)/4 with γ↑↓Uνν′ =
γ↑↓
∫
dr (|wν(r)||wν′(r)|)2 and γ↑↓ = c0 − c2 is the generalized on-site interaction,
J˜↑↓ = (Va−Vb)/2+γ↑↓(Uaa−Ubb)/4 the generalized tunneling matrix element between the
two sides of the well, and χ↑↓ = γ↑↓(Uaa+Ubb−2Uab)/4 corresponds to the density-density
interaction energy between the two sides of the double-well. The latter is proportional
to the overlap between the functions ϕL(r) and ϕR(r). It cancels in the small lattice
limit as a consequence of the localization of the mode functions ϕL(r) and ϕR(r) inside
each subsite.
Our two-mode model does not only describe the system well in both limits, it also
takes into account the effects of density-density interactions between two subsites when
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Figure 2. Numerical calculation of the anti-fidelity 1 − F where F = |〈ψ|ψ0〉|2 with
|ψ〉 the state of the two atoms at the end of the ramping. We have used the parameters
of a lattice with period a = λ/2, λ = 840 nm, and VT = 60ER, initialized with two
87Rb atoms per site in the state (8) at time T = 0 and a magnetic field of B = 30G.
the potential barrier between them is still not fully ramped up. This property makes it
particularly valuable for the study of the system dynamics between the two limits.
In the SLL, the Hamiltonian (11) reduces (up to the energy shift E) to
HˆSLL↑↓ =


U↑↓ −J −J 0
−J 0 0 −J
−J 0 0 −J
0 −J −J U↑↓

 . (12)
where Va = E − J and Vb = E + J with E =
∫
drϕ∗L(r)hˆ0 ϕL(r) is the single-particle
energy and J =
∫
drϕ∗L(r)hˆ0 ϕR(r) the hopping integral, and U˜↑↓ = γ↑↓
∫
dr |ϕL|4 is the
on-site interaction [23].
For zero tunneling J = 0, the Hamiltonian HˆSLL↑↓ has two degenerate ground states:
| ↑, ↓〉 and | ↓, ↑〉. This degenercy is lifted at finite J where the symmetric superposition
|ψ0〉 = 1√
2
(| ↑, ↓〉+ | ↓, ↑〉) (13)
is the ground and the antisymmetric superposition the first excited state. These two
low-lying energy levels with an energy splitting of 4J2/U↑↓ are separated from the other
excited states by the interaction energy U↑↓.
We have carried out a dynamical simulation of the splitting dynamics using the
exact full Hamiltonian defined in Eq. (2) and Appendix A for two particles and one
site. For the time-scales considered throughout this paper, non-adiabatic effects due to
the changes of shape of the mode functions can be safely neglected [23]. We have used
s(t) = sin2[t/(2T )], and computed the anti-fidelity 1 − F with F = |〈ψ|ψ0〉|2 between
the state |ψ〉 of the system at the end of the numerical simulation of the ramp and
the Bell state (13). For the parameters considered, we have found that the anti-fidelity
reaches 1−F ≈ 10−3 for a quench time of T ∼ 1.1 ± 0.1ms (see Fig. 2). It is expected
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that better fidelity can be obtained for larger values of U↑↓ [24]. This observation makes
our scheme relevant for current experimental setups.
Thus, changing the topology of the optical lattice from the LLL to the SLL drives
the state of the atoms within each lattice site from (8) to the maximally entangled Bell
state (13). Non-adiabatic transitions to excited states are suppressed by opposite parity
in the case of the first excited state and by the on-site interaction U↑↓ in the case of the
other excited states. After this first step has been completed, a system of initially N
sites contains k = 2N subsites and its state is given by a tensor product of Bell pairs
|Φ(0)k 〉 =
N⊗
i=1
|ψ0〉. (14)
Remarkably, the system in state (14) is resilient to dephasing noise for a magnetic
field slowly varying over a distance of one lattice site [3].
4. Implementation of an entangling gate
Since the interactions between two atoms depend on the overlap between their wave
functions, they can be dynamically switched on and off by lowering and raising the
potential barrier between the two subsites. This is done by varying the lattice parameter
s from s = 1 at time t = 0 to s = 1 − η and back to s = 1 at time t = τ . In the SLL,
where J˜↑↓/U˜↑↓ ≪ 1, tunneling can be treated perturbatively, and the Hamiltonian (11)
can be projected onto the subspace of singly-occupied sites.
We distinguish two cases: either the neighbouring subsites are occupied by atoms
with opposite or equal spins. For two atoms with opposite spins, we can use Eq. (11)
and the effective Hamiltonian in the basis | ↑, ↓〉 and | ↓, ↑〉 reads (up to a constant
energy shift) in second-order perturbation theory
Hˆ
(eff)
↑↓ =
(
2J˜2↑↓
U˜↑↓
+ χ↑↓
)(
1 1
1 1
)
. (15)
Since the effective Hamiltonian commutes with itself at different times, we obtain the
following analytical expression for the time evolution operator
Uˆ(τ) = exp
(
− i
~
∫ τ
0
H
(eff)
↑↓ dt
)
=
(
e−iφ cosφ −ie−iφ sinφ
−ie−iφ sinφ e−iφ cosφ
)
, (16)
where the phase φ is given by
φ(τ) =
1
~
∫ τ
0
(
2J˜2↑↓
U˜↑↓
+ χ↑↓
)
dt. (17)
While the first term in Eq. (17) is due to second-order tunneling [7, 4], the second term
is due to density-density interactions. This term is negligible in the SLL, but when
the potential barrier between the two sides of the double well is reduced, it adds an
extra phase between neighbouring particles with different spins because of the difference
between the scattering lengths c0 and c2.
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For atoms with equal spins σ = {↑, ↓} we start by writing down the basis states as
|σσ, 〉 = cˆ†L,σcˆ†L,σ|vac〉 = (aˆ†σ + bˆ†σ)(aˆ†σ + bˆ†σ)/(2
√
2)|vac〉
|σ, σ〉 = cˆ†L,σcˆ†R,σ|vac〉 = (aˆ†σ + bˆ†σ)(aˆ†σ − bˆ†σ)/2|vac〉
|, σσ〉 = cˆ†R,σ cˆ†R,σ|vac〉 = (aˆ†σ − bˆ†σ)(aˆ†σ − bˆ†σ)/(2
√
2)|vac〉, (18)
in which the Hamiltonian reads
Hˆσσ =

 E˜σσ + U˜σσ J˜σσ χσσJ˜σσ E˜σσ + χσσ J˜σσ
χσσ J˜σσ E˜σσ + U˜σσ

 , (19)
where γσσ = c0 + c2 is the interaction constant for particles with equal spin σ,
E˜σσ = Va + Vb ± EZ the sum of single-particle energies, EZ = −gµBBτ/2~ the
Zeeman energy shift in the first order, J˜σσ = (Va − Vb)/
√
2 + γσσ(Uaa − Ubb)/4 the
generalized tunneling matrix element, U˜σσ = γσσ(Uaa+Ubb+6Uab)/4 the generalized on-
site interaction and χσσ = γσσ(Uaa+Ubb−2Uab)/4 the off-site density-density interaction.
In the SLL this reduces (up to the energy shift of E˜σσ) to
HˆSLLσσ =

 Uσσ −
√
2J 0
−√2J 0 −√2J
0 −√2J Uσσ

 . (20)
For the state |σ, σ〉 there are no other low-energy states accessable, so that it acquires
only the phase factor eiκ during the sweep. In second-order perturbation theory we find
that κ is similar to (17)
κ =
1
~
∫ τ
0
(
4J˜2σσ
U˜σσ
+ χσσ
)
dt. (21)
Since J˜↑↓ → −J , J˜σσ → −
√
2J and γ↑↓/γσσ = (c0 − c2)/(c0 + c2) ≈ 1, we get κ ≈ 2φ.
Putting the results of this section together we find that lowering and raising the
potential barrier between two subsites n and n+ 1 implements the two-qubit gate Uˆ
Uˆ


|00〉
|01〉
|10〉
|11〉

 =


eiEZτ 0 0 0
0 eiφ cosφ −ieiφ sin φ 0
0 −ieiφ sinφ eiφ cosφ 0
0 0 0 e−iEZτ




|00〉
|01〉
|10〉
|11〉

 . (22)
where |ij〉 = |i〉n ⊗ |j〉n+1 with |1〉n = cˆ†n,↑|vac〉 and |0〉n = cˆ†n,↓|vac〉 where cˆ†n,↓ and cˆ†n,↑
are the creation operators of a particle at subsite n with spin ↓ and ↑, respectively.
Numerical simulations of the system dynamics have been carried out using the exact
full Hamiltonian for two particles and one site—that is, including the contribution of spin
changing collisions to the mf = 0 state—for a system of
87Rb atoms, VT = 60ER and
η = 0.3. We have computed the overlap between the states resulting from the numerical
simulation with their analytical approximation and found that for the parameters
Robust entangled states and MBQC using optical superlattices 10
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Figure 3. Schmidt measure of the state (29) as a function of Γ and k. The Schmidt
decomposition of the state (29) was calculated by partitioning the system in equal
parts, which yields the maximum possible Schmidt rank.
considered and switching times τ up to tens of milliseconds, the time evolution operator
of the system is accurately approximated by Eq. (22). For longer times τ , the evolution
of the system in the reduced Hilbert becomes non-unitary due to slow transitions to the
state where the two particles have spins σ = 0, as expected.
Since the application of the gate Uˆ is realized in parallel on all qubits in the x–
direction, the phase due to the Zeeman shift in the first order in B cancels for systems
with an equal number of atoms in the σ = +1 and σ = −1 state. For such systems, we
find that for ramping times τ such that φ(τ) = {π/4, π/2, 3π/4}, lattice manipulations
realize the gates (in the usual computational basis) [25]
Uˆpi
4
=
√
SWAP (23)
Uˆpi
2
= SWAP, (24)
Uˆ 3pi
4
= SWAP
√
SWAP =
√
SWAP
†
. (25)
In the remainder of this paper we will show that, using a lattice of Bell pairs as a
starting point, this gate‡ can be used to create both many-body entangled states and a
resource state for MBQC.
5. Creation and detection of a state with a tunable amount of entanglement
Depending on whether the lattice parameter θ is set to θ = 0 or θ = π/2, the gate
Uφ in Eq. (22) is applied between neighbouring subsites inside or between lattice sites,
‡ In the context of optical lattices, different methods to implement this gate have been put forward for
different encodings of the logical qubits [26, 27, 28]. Recently, a
√
SWAP gate between qubits encoded
on the internal spin state of the atoms was realized experimentally by manipulating both the spin and
motional degrees of freedom of the atoms by means of optical superlattices [3].
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respectively. Up to an irrelevant global phase, these operations read
Uˆ in(Uˆ) =
N⊗
n=1
Uˆ (26)
or
Uˆbw(Uˆ) = 1ˆ⊗
N−1⊗
n=1
Uˆ ⊗ 1ˆ. (27)
Using this notation, we define a knitting operator by
Kˆ(Uˆ) = Uˆ in(Uˆ)Uˆbw(Uˆ). (28)
Starting from a lattice of Bell pairs, the state resulting from Γ successive applications
of the operator Kˆ(Uˆpi
4
) on the state (14) is denoted by
|Φ(Γ)k 〉 = Kˆ(Uˆpi4 )Γ|Φ
(0)
k 〉. (29)
In Fig. 3, we have plotted the Schmidt measure PLs of the state (29) for up to
k = 20 qubits and partitions of size L = 10 as a function of Γ [29, 16]. We find
that the Schmidt rank of the state is directly proportional to Γ, i.e. applying the
entangling knitting operator (28) first connects the initial Bell pairs and then further
increases the entanglement content of the state. The largest possible Schmidt measure
max[PLs (|Φ(Γ)k 〉)] = k/2 is reached after Γ = N/2 applications of the operator (28).
Once the maximum value for the Schmidt measure is reached, it remains unaffected by
further applications of the operator (28). We note that since the operator Uˆ conserves
the total number of spins, the state (29) is resilient to collective dephasing noise. Recent
experimental results suggest that resilience to this type of noise significantly increases
the decoherence time of the system [3].
Since the application of the gate Kˆ(Uˆpi
4
) affects the density correlations in the lattice,
its effect on the system can be observed experimentally via state-selective measurement
of the quasi-momentum distribution (QMD) of atoms with spin up [30, 3]
n↑q =
1
2N
2N∑
i,j=1
e−iπq(i−j)/N〈cˆ†i,↑cˆj,↑〉. (30)
As an illustration, we have plotted in Fig. 4 the QMD of a system of k = 14 atoms
after Γ = 1 and Γ = 7 applications of the operator Kˆ(Uˆpi
4
) on the state (14). Hence,
starting from a lattice of Bell pairs, superlattice manipulations allow the creation of an
entangled state with a tunable Schmidt rank that has a distinct experimental signature
and is resilient to collective dephasing noise. These properties make this state suitable
for experimental studies of many-body entanglement.
6. Creation of maximally entangled states
Together with site-selective single-qubit operations applied in parallel on every second
atom, superlattice manipulations can be used to implement the entangling phase-gate
operation
Cˆi = Uˆpi
4
(Zˆ ⊗ 1ˆ)Uˆpi
4
(1ˆ⊗ Zˆ), (31)
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Figure 4. (a) Quasi-momentum distribution of k = 14 atoms after the application
of the gate Kˆ(Uˆ pi
4
)Γ on the state (14) for (a) Γ = 1 and (b) Γ = 7. After Γ = 7
applications of the knitting operator, the state is maximally entangled.
where Cˆi = diag(1,−i,−i, 1) and Zˆ is the Pauli matrix defined as Zˆ = diag(1,−1)
in the usual computational basis. The operation Cˆi is related to the operation
CˆZ = diag(1, 1, 1,−1) by applying the single-qubit gate
√
Zˆ ⊗
√
Zˆ on every site of
the lattice. A proposal for realizing arbitrary single-qubit gates on individual atoms
in an optical lattice can be found in Ref. [31]. Notice that the single-qubit operations
required to implement the gate (31) between sites can be performed in parallel, and so
each site need not be addressed separately. The implementation of a phase gate directly
followed by a SWAP gate
(SWAP) Cˆi = Uˆ
†
pi
4
(Zˆ ⊗ 1ˆ)Uˆpi
4
(1ˆ⊗ Zˆ) (32)
is accomplished by adjusting the switching time τ of the last gate. The operation (32)
is equivalent to (SWAP) CˆZ up to the unitary transformation
√
Zˆ ⊗
√
Zˆ. Since the
CˆZ operations between different qubits commute, k/2 successive applications of the
operator Kˆ((SWAP)CˆZ) on the state |+〉⊗k (|±〉 = (|0〉 ± |1〉)/
√
2) create a complete
graph state |KN〉. Complete graphs have the property that each vertex is connected
to all the vertices of the graph, i.e. a complete graph of k vertices contains k(k − 1)/2
edges. Graph states of complete graphs are equivalent to the maximally entangled state
|GHZ〉 = (|0〉⊗k + |1〉⊗k)/√2 up to local unitary operations.
Superlattice manipulations alone allow the realization of the state
|Φgraphk 〉 = Uˆbw(Uˆ †pi
4
)Kˆ(Uˆ †pi
4
)(k/2)−1|Φ(0)k 〉 (33)
resulting from k−1 successive applications of the operator (25) between and inside each
site. The process leading to state (33) is schematically represented in Fig. 5. This state
is resilient to collective dephasing noise, and possesses a structure similar to a complete
graph state (see Fig. 5). Via the brute-force numerical calculation of the parameters
of single-qubit unitary operations, we have found that (33) is locally equivalent to a
complete graph state of the same size for up to k = {4, 6, 8} qubits. This suggests that
this property holds for an arbitrary number of qubits.
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Figure 5. Schematic representations of the process leading to state (33). Qubits
initially forming a Bell pair are linked by a dark blue line. The boxes depict the
location where the
√
SWAP
†
= SWAP
√
SWAP is performed. After a
√
SWAP
gate has been applied between two qubits, they are connected by a (light) blue line.
Numerical calculations show that for up to 8 qubits, the state (33) is equivalent to a
complete graph state under local unitary operations.
The resilience of this state to collective dephasing noise, and its symmetry
properties make it a good candidate for the improvement of the sensitivity of quantum
spectroscopic measurements in noisy environments (see Ref. [32]).
7. Creation of a resource for MBQC
In this section we will show how to create a state useful for MBQC via the application
of the CˆZ gate via lattice manipulations in both the x and y direction. This state is
formally similar to a Bell-encoded cluster state, and hence its utilization as a resource for
MBQC only requires an adjustment of the measurement networks used for cluster states.
To demonstrate the universality of our resource for MBQC and derive the measurement
networks required to perform quantum algorithms, we will employ the method recently
developed by Gross and Eisert in Ref. [33, 34], which connects the matrix product
representation (MPR) of a state with its computational power. A review of the basics
concepts presented in Ref. [33] can be found in Appendix B.
The MPR for a chain of k systems of dimension d = 2 (qubits) is given by
|ψΛ〉 =
∑
i1...ik={0,1}
〈R|Λˆ[i1]1 · · · Λˆ[ik]k |L〉|i1 · · · ik〉. (34)
It is specified by a set of 2k D × D-matrices, which we will refer to as the correlation
matrices, and two D-dimensional vectors |L〉 and |R〉 representing boundary conditions.
The parameter D is proportional to the amount of correlation between two consecutive
blocks of the chain. Notice that the right boundary condition vector |R〉 appears on the
left. This choice improves the clarity of calculations later when we will use the graphical
notation explained in Appendix B.2.
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Starting from a lattice of Bell pairs, we find that the state resulting from the
application of the gate Uˆbw(CˆZ) on the state |Φ(0)k 〉 (14) has the MPS
|ψAB〉 =
∑
i1...ik={0,1}
〈R|Aˆ[i1]Bˆ[i2] · · · Aˆ[ik−1]Bˆ[ik]|L〉|i1 · · · ik〉, (35)
where
Aˆ[0] = |+〉〈0|, Aˆ[1] = |−〉〈1|, (36)
Bˆ[0] = |1〉〈0|, Bˆ[1] = |0〉〈1|, (37)
|L〉 = |+〉, |R〉 =
√
2|0〉. (38)
Here, each atom is labelled from 1 to k, and the correlation matrices Aˆ[0/1] and Bˆ[0/1]
are associated with odd and even atoms, respectively. Equivalently, it can be written as
|ψC〉 =
1∑
i¯1...¯iN=0
〈R|Cˆ [¯i1] · · · Cˆ [¯iN ]|L〉|¯i1 · · · i¯N〉, (39)
where
Cˆ [0¯] = Aˆ[1]Bˆ[0] = |−〉〈0|
Cˆ [1¯] = Aˆ[0]Bˆ[1] = |+〉〈1|, (40)
|0¯〉 = |10〉, |1¯〉 = |01〉.
In this representation, each site is labelled from 1 to N and the correlation matrix Cˆ [0¯/1¯]
is associated with a pair of atoms. The measurement of odd and even atoms in the X-
eigenbasis BX = {|±〉 = (|0〉 ± |1〉)/
√
2} on the state (35) projects the auxiliary matrix
associated with the measured atom onto the eigenstate (|0〉+(−1)s|1〉)/√2 depending on
the measurement outcome s (see Eq. (B.2) in Appendix B). In the graphical notation,
this implements the operations
// A[X ] // ∝ XˆsHˆ, (41)
// B[X ] // ∝ XˆZˆs, (42)
for odd and even atoms, respectively. Here, the operator Hˆ is the Hadamard gate
and Xˆ the Pauli-X matrix [25]. Similarly, measurements in the φ-eigenbasis Bφ =
{(|0〉 ± eiφ|1〉)/√2} yield
// A[φ] // ∝ XˆsHˆSˆ(φ), (43)
// B[φ] // ∝ XˆZˆsSˆ(φ), (44)
where Sˆ(φ) = diag(1, eiφ) in the usual computational basis. Also, we find that since
the measurement of the ith and (i + 1)th atoms (i odd) in the Bell basis has only two
possible outcomes, we have
// C[X¯] // ∝ ZˆXˆsHˆ, (45)
// C[φ¯] // ∝ ZˆXˆsHˆSˆ(φ), (46)
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Figure 6. Starting with 1D system (x–direction) in the state (35), a 2D state useful
for MBQC is obtained by applying CˆZ gates between even subsites (denoted by the
letter B) in the y–direction.
where the measurement eigenbases are given by BX¯ = {(|0¯〉 ± |1¯〉)/
√
2} and Bφ¯ =
{(|0¯〉 ± eiφ|1¯〉)/√2}, respectively. Since any single-qubit gate can be decomposed into
Euler angles, i.e.
Uˆrot(ζ, η, ξ) = Sˆ(ζ)HˆSˆ(η)HˆSˆ(ξ), (47)
the application of one of the following sequence of measurements
// Bˆ[X1]
// A[φ2] // B[φ3] // A[X4] // B[φ5] // A[X6] // , (48)
// C[X¯1] // C[φ¯2] // C[φ¯3] // C[φ¯4] // (49)
on the state (35) realize arbitrary qubit gates, up to a known by-product operator UˆΣ.
For instance, applying the measurement sequence (48) with measurement outcomes
~s = (1, 0, 0, 0, 1, 1), where si denotes the outcome of Xi or φi, implements the operation
UˆΣUˆrot(φ2, φ3, φ5) with UˆΣ = HˆZˆXˆ on the state of the correlation space. Similarly,
the measurement sequence (49) with outcomes ~s = (0, 0, 1, 0) implements the operation
UˆΣUˆrot(φ2, φ3, φ4) with UˆΣ = ZˆXˆZˆ. Although both measurement sequences (48) and
(49) preserve the system’s immunity to collective dephasing, less measurements are
required using the sequence (48). The state of the correlation space can be read-out
using a scheme described in Appendix B.
Superlattice manipulations can also be used to engineer 2D systems. In the
remainder of this section, we will consider the MPR of the 2D state |ψ2D〉 resulting
from the coupling of 1D systems in the state (35) via the application of a CˆZ gate
between even subsites§ in the y–direction (see Fig. 6). The MPR of this state is given
by
r // C [0]
l //
u
OO
d
OO
= |−〉r〈0|l ⊗ |+〉u〈0|d, (50)
§ See e.g. Refs. [35, 3] for relevant 2D superlattice setups
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r // C [1]
l //
u
OO
d
OO
= |+〉r〈1|l ⊗ |−〉u〈1|d. (51)
Also, the expansion coefficients of |ψ2D〉 are represented by
〈¯i1,1 . . . i¯2,2|ψ2D〉 =
U U
L // C [¯i1,1]
OO
// C [¯i1,2] //
OO
R
L // C [¯i2,1]
OO
// C [¯i2,2] //
OO
R
D
OO
D
OO
(52)
where |U〉 = |0〉 and |D〉 = |+〉.
This state is formally similar to a cluster state where qubits are encoded on two
atoms and the |+〉 state corresponds to the Bell state (13). Although the application
of the CˆZ gate between sites in the y–direction implements the same operation between
encoded qubits, it corresponds to a different operation between encoded qubits in the x–
direction. Therefore, it is not possible to execute algorithms designed for cluster states
using the state |ψ2D〉 as a resource by simply interchanging, e.g. X measurements with
Bell-pair measurements X¯ .
In the remainder of this section, we will show that |ψ2D〉 constitute a universal
resource for MBQC by presenting how to control information flows through the lattice,
and by providing a measurement network that implements an entangling two-qubit gate.
Since the tensors of Eqs. (50) and (51) factor, they can be represented graphically
by
r // C [0]
l //
u
OO
d
OO
=
+
u
l
0 − r
0
d
. (53)
Using this representation and Eqs. (50) and (51), we find that
C[Z¯1]
// C[X¯2]
OO
//
C[Z¯3]
OO
∝ XˆZˆs1+s2+s3Hˆ. (54)
Thus, measurements in the basis BX¯ cause the information to flow from left to right,
and measurements of the vertically adjacent sites in the BZ¯ basis shields the information
from the rest of the lattice [33]. Since we can isolate horizontal lines, they can be used
as logical qubits.
An entangling two-qubit gate between two horizontal lines is realized as follows.
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Consider the following measurement network [33]
// C[X¯5] //
C[Z¯3] // C[Y¯2]
OO
// C[Z¯4]
|c〉 // C[X¯1]
OO
//
, (55)
where the middle site is measured in the basis BY¯ = {(|0¯〉 ± i|1¯〉)/
√
2} and c ∈ {0, 1}.
The lower part of the network reduces to
|c〉 // C[X¯1]
OO
//
∝ Zc|+〉
OO
(−1)s1XH|c〉 //
. (56)
Plugging (56) into the middle line yields
C[Z¯3] // C[Y¯2]
OO
// C[Z¯4]
Zc|+〉
OO ∝
HZs2+s3+c+1[(−1)s4 |0〉+ i|1〉]
OO
. (57)
Finally, plugging (57) into the upper of the network gives
// C[X¯5] //
HZs2+s3+c+1[(−1)s4 |0〉+ i|1〉]
OO ∝ UˆΣ(−iZˆ)c (58)
where UˆΣ = e
ipi
4 (iXˆ)s4HˆXˆSˆ(π
2
)†Zˆs5(−iZˆ)s2+s3+1. Thus, the measurement network (55)
implements an entangling controlled-phase gate between the upper and lower horizontal
lines up to a know by-product operator. Since arbitrary single-qubit gates can be applied
on each horizontal lines independently, this completes the proof of universality. The way
of dealing with by-product operators at the end of the measurement sequences does not
differ from the usual MBQC scheme with cluster states (see e.g. [18]). Notice that since
single and two-qubit gates are performed via the application of pairwise measurements,
the system remains invariant to collective dephasing at any time during the execution
of an algorithm.
8. Summary
We have analyzed the dynamics of a bosonic spinor condensate in a superlattice
potential, and shown that a lattice with a Bell pair in every lattice site can be realized
via the dynamical splitting of each site. We have proposed a scheme that allows
the application of an entangling
√
SWAP gate between and inside Bell pairs. The
successive application of this gate between and inside lattice sites was shown to create
an entangled state with a tunable Schmidt rank that is resilient to collective dephasing
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noise; and a maximally entangled state which, as numerical evidence suggests, is locally
equivalent to a GHZ state. Finally, we have presented a state that is obtained by
connecting Bell pairs in two dimensions via an entangling phase gate, and shown that
it constitutes a resource for MBQC formally similar to a Bell-encoded cluster state. We
have provided measurement networks for implementing a two-qubit entangling gate as
well as arbitrary local unitary operations. Our implementation has the advantage that
it allows the execution of quantum algorithms while leaving the system unaffected by
collective dephasing noise.
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Appendix
Appendix A. The full Hamiltonian
Using the field operator (7), the single-particle terms of the Hamiltonian (2) in second
quantized form are given by
Hˆ0 = HˆK + HˆZ
=
∑
σ=−1,0,1
[Va +∆EZ,σ(B)] aˆ
†
σaˆσ +
∑
σ=−1,0,1
[Vb +∆EZ,σ(B)] bˆ
†
σ bˆσ, (A.1)
where Vν =
∫
drw∗ν(r)hˆ0wν(r). Assuming that the magnetic field is weak (B < 200G),
the Zeeman shift ∆EZ,σ(B) is accurately approximated to the second order in B [36]
∆EZ,σ(B) =


gµBB
4
− 3(gµBB)
2
16∆Ehf
if σ = −1,
−(gµBB)
2
4∆Ehf
if σ = 0,
−gµBB
4
− 3(gµBB)
2
16∆Ehf
if σ = 1,
(A.2)
where g is the gyromagnetic factor, ∆Ehf is the hyperfine splitting energy, and µB is
the Bohr magneton.
In the low-energy limit, atomic interactions are well approximated by s-wave
scattering, with the scattering length depending on the spin state of the colliding atoms.
At ultracold temperatures, two colliding atoms in the lower hyperfine level flow will
remain in the same multiplet, since the interaction process is not energetic enough
to promote either atom to a higher hyperfine level fhigh [10]. Also, since alkalis have
only two hyperfine multiplets, the conservation of the total angular momentum by the
scattering process implies that interatomic interactions conserve the hyperfine spin f1
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and f2 of the individual atoms. Thus, the interaction between two particles located at
positions r1 and r2 is given by [10, 21, 37]
Vˆint(r1 − r2) = 4π~
2
M
δ(r1 − r2)
∑
F=0,2
aFPˆF , (A.3)
where F = f1 + f2 is the total angular momentum of the scattered pair, PˆF is the
projection operator for the total angular momentum F , and aF is the s-wave scattering
length of the channel associated with the total angular momentum F . The operator
PˆF is given by [37]
PˆF =
F∑
mF=−F
|F,mF 〉〈F,mF |, (A.4)
where |F,mF 〉 is the state formed by two atoms with total angular momentum F and
mF = m1 +m2 with m1 and m2 the projection on the quantization axis of f1 and f2,
respectively. The quantization axis is defined by the direction of the magnetic field
present in the system. Boson statistics require the state |F,mF 〉 to be invariant under
particle exchange, and hence only the terms corresponding to values of F = {0, 2} appear
in the sum of Eq. (A.3). Using the relation fˆ1 · fˆ2 = Pˆ2− 2Pˆ0, where fˆi = (fˆ ix, fˆ iy, fˆ iz) is
the total angular momentum operator of the particle i, the interaction operator can be
re-written as [10, 38]
Vˆint(r1 − r2) = δ(r1 − r2)
(
c0 + c2fˆ1 · fˆ2
)
. (A.5)
From Eq. (A.5) we see that interactions conserve the quantum number mF [36, 39].
Using the field operator (7), the interaction term in second quantized form reads
Hˆint =
1
2
∫ ∫
dr1dr2 δ(r1 − r2)×
c0 :
(
Ψˆ†(r1) · Ψˆ(r1)
)(
Ψˆ†(r2) · Ψˆ(r2)
)
:
+ c2
∑
ℓ=x,y,z
:
(
Ψˆ†(r1)fˆ
1
ℓ Ψˆ(r1)
)(
Ψˆ†(r2)fˆ
2
ℓ Ψˆ(r2)
)
:, (A.6)
where : ◦ˆ : represents the operator ◦ˆ in normal ordering, Ψˆ(r) = (Ψˆ−1(r), Ψˆ0(r), Ψˆ1(r))
and the matrices fˆℓ are given by [22]
fˆ ix =
1√
2

 0 1 01 0 1
0 1 0

 , fˆ iy = 1√
2i

 0 1 0−1 0 1
0 −1 0

 , fˆ iz =

 1 0 00 0 0
0 0 −1

 . (A.7)
The Hamiltonian given in (5) is a compact form of (A.6). In its expanded form, Eq. (A.6)
reads [38]
Hˆint =
1
2
∫
dr{
(c0 + c2)
[
Ψˆ†1(r)Ψˆ
†
1(r)Ψˆ1(r)Ψˆ1(r) + Ψˆ
†
−1(r)Ψˆ
†
−1(r)Ψˆ−1(r)Ψˆ−1(r)
]
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+ 2(c0 + c2)
[
Ψˆ†1(r)Ψˆ
†
0(r)Ψˆ1(r)Ψˆ0(r) + Ψˆ
†
−1(r)Ψˆ
†
0(r)Ψˆ−1(r)Ψˆ0(r)
]
+ 2c2
[
Ψˆ†0(r)Ψˆ
†
0(r)Ψˆ1(r)Ψˆ−1(r) + Ψˆ
†
1(r)Ψˆ
†
−1(r)Ψˆ0(r)Ψˆ0(r)
]
+ c0
[
Ψˆ†0(r)Ψˆ
†
0(r)Ψˆ0(r)Ψˆ0(r)
]
+ 2(c0 − c2)
[
Ψˆ†1(r)Ψˆ
†
−1(r)Ψˆ1(r)Ψˆ−1(r)
]}
. (A.8)
The interaction Hamiltonian (A.8) can be expressed in terms of aˆ†σ and bˆ
†
σ operators
using the relation
1
2
∫
dr Ψˆ†σ(r)Ψˆ
†
γ(r)Ψˆσ′(r)Ψˆγ′(r) =
Uaa
2
(
aˆ†σaˆ
†
γ aˆσ′ aˆγ′
)
+
Ubb
2
(
bˆ†σ bˆ
†
γ bˆσ′ bˆγ′
)
+
Uab
2
(
aˆ†σaˆ
†
γ bˆσ′ bˆγ′ + bˆ
†
σ bˆ
†
γ aˆσ′ aˆγ′
)
+
Uab
2
(
aˆ†σ bˆ
†
γ + bˆ
†
σ aˆ
†
γ
)(
aˆσ′ bˆγ′ + bˆσ′ aˆγ′
)
,(A.9)
where Uνν′ =
∫
dr (|wν(r)||wν′(r)|)2 and σ, γ = −1, 0,+1.
Appendix B. Measurement-based quantum computations and MPSs
Appendix B.1. General idea
In this section, we present the general idea developed in Ref. [34]. From Eq. (34), one
can see that if the ik site in the computational basis and the outcome sk is obtained,
then the state |L〉 of the auxiliary system becomes
|L〉′ = Λˆ[sk]k |L〉. (B.1)
Thus, measurements change the state |L〉 of the auxiliary system. Similarly, if the
measurement of a local observable at site k yields an outcome corresponding to the
observable’s eigenvector |φk〉, then the matrix Λˆ[ik]k transforms into
Λˆ[φ]k = 〈φk|0〉Λˆ[0]k + 〈φk|1〉Λˆ[1]k , (B.2)
and the vector of the auxiliary system becomes
|L〉′ = Λˆ[φ]k|L〉. (B.3)
From this point of view, a measurement on some physical site change the correlation
properties between this site and the rest of the chain, i.e. it performs an operation on
the auxiliary system state |L〉, which we will sometimes refer to as the state of the
correlation space.
Appendix B.2. Graphical notation
In order to deal with the MPS of higher-dimensional states, the graphical notation
introduced in Ref. [34] is very helpful. In this notation, tensors are represented by
boxes, and their indices by edges. Vectors and matrices are thus symbolized by
|L〉 = L // , (B.4)
〈R| = // R† , (B.5)
Λˆ[i] = // Λ[i] // . (B.6)
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Consequently, vector and matrix operations can be represented graphically by
〈R|L〉 = L R , (B.7)
BˆAˆ = // A // B // , (B.8)
BˆAˆ|L〉 = L // A // B // . (B.9)
Appendix B.3. Read-out scheme
In order to use the state of the correlation space to process quantum information, we
must be able to read it out at the end of the computation. It turns out that in our
case a measurement of the (i − 1)th site in the computational basis corresponds to a
measurement of the correlation system just after the ith site. To illustrate this fact,
assume that just after the measurement of the ith site, the correlation system is in the
state |0〉, that is
L // B[φ1] //A[φ2] // ... B[φi] // = |0〉, (B.10)
or
L // B[φ1] //A[φ2] // ... A[φi] // = |0〉. (B.11)
Thus, using Eqs. (36) and (37) we have
|0〉 // A[1] // ∝ |−〉〈1|0〉 = 0, (B.12)
|0〉 // B[1] // ∝ |0〉〈1|0〉 = 0. (B.13)
Hence, the probability of obtaining the result 1 for a measurement on the (i− 1)th site
is zero. Consequently, if the state of the correlation system is in state |0〉 after the ith
site, then the (i− 1)th physical site must also be in that state. Since
|0〉 // C[1] // ∝ |+〉〈1|0〉 = 0, (B.14)
the same observation applies if one measures the (i − 2)th and (i − 1)th sites (i odd)
in the basis BZ¯ = {|0¯〉, |1¯〉}. Therefore, as a similar argument applies if the state of the
correlation system is in the state |1〉 after the ith site, the description of the read-out
scheme is complete.
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